In this paper, we examine the Contingent Claims Approach (CCA) to analyzing sovereign risk. Specifically, we extend the study by Gray et al. (2007), and apply the Merton Modeling framework to three major emerging markets, Brazil, Mexico, and Turkey, over the period 2001 to 2007. We point out the shortcomings of the CCA, and suggest some remedies in calibrating to real-life risk measures. We also assess the problem from a risk management point of view, and perform a historical simulation exercise in determining the Value-at-Risk.
Introduction
How accurate are structural models in measuring sovereign risk? What are the limitations and how can we get around them? In this study we seek the answers to these questions, and suggest some solutions. Borrowing from the option pricing theory and its applications to risk management, we perform an empirical analysis which compares the results of the contingent claims (or structural) approach (CCA) to market based measures such as credit default swap (CDS) spreads and CDS implied probabilities of default. Our major finding is that the CCA model underestimates default probabilities in the sovereign case. Therefore, we argue that the model's outputs need to be calibrated before predicting real life outcomes. We also suggest using more comprehensive volatility estimates going into structural models, such as the volatility of returns of stock or local currency bond markets. Gray and Malone (2008) emphasize the need for macro-finance (MF) models which would integrate traditional macroeconomic theory with modern finance -option pricing theory based models. The major benefit in using such models is the ability to account for non-linearities in macroeconomic indicators and to utilize state-of-the-art methodologies created for corporate finance and risk management. These models require high quality historical data and detailed balance sheet information. However, they do not use traditional macroeconomic and political risk measures such as the general government debt, the current account balance, the gross domestic production (GDP) per capita, and the corruption index.
1 Consequently, MF models should not be taken as a competitor to traditional models, but rather as a complementary framework, which would provide further benefits as more data becomes available.
The history of structural modeling starts with the ideas of Merton (1974) on firm theory and capital structure. According to Merton (1974) , equity is a call option on the assets of the firm with a strike price equal to debt level of the firm. Using historical information on stock price and book value of debt, one can derive the default probability of a firm using this approach (Bohn et al., 2003) . Additional details related to the Merton modeling can be found in Figure 1 .
Application of the Merton modeling to sovereign case requires some additional assumptions about the nature of contingent claims and balance sheet items of a sovereign (Allen et al, 2002) . Gray et al. (2007) show that local currency liabilities can be modeled as the equity, and foreign currency debt can function as the debt level. Figure 2 lays out the details concerning the sovereign balance sheet. Accordingly, using historical data on local currency and foreign currency liabilities, one can calculate various sovereign risk measures.
Our paper proceeds as follows. Section 2 provides a brief literature review on the CCA model and its application to sovereign case. Section 3 explains our dataset, lays out the details of the option pricing formulae, and explains how to use them in deriving implied asset values and volatilities. Section 4 elaborates on results and shortcomings of the CCA model. Section 5 concludes the discussion.
Literature Review
Our major benchmark is the study by Gray et al. (2007) , where the authors set the standards for the analytics of the CCA to sovereign risk analysis. The authors apply the CCA to 11 countries over the 2002-2004 period using weekly data. They find that the explanatory power of the model, regressing distance-to-distress values on sovereign credit default spreads (CDS), is 80%. The authors also argue that the CCA can help investors in identifying the fair value of a CDS or bond spread, therefore it can provide ground for various arbitrage opportunities.
Another important study is the paper by Gapen et al. (2005) . This paper also utilizes the CCA derivations, and compares the CCA outputs with actual market data. In addition, we have the study by Keller et al. (2007) 
Data and Results
Our dataset is collected from various sources such as IMF.stat (IFS), Bloomberg, and Panizza (2008) . Our analysis covers three major emerging market economies, Brazil, Mexico, and Turkey, over the 2001-2007 period. We hope that more data will be available in the near future as the IMF and the World Bank pushes toward better data dissemination standards.
We use the following structural model equations to derive implied asset values (A) and volatilities ( . The simplified sovereign balance sheet and additional details can be found in (1)
Time-series graphs and initial results are shown in Figures 3, 4 , and 5. According to Gray et al. (2007) domestic debt and monetary base can be combined to calculate local currency liabilities (LCL), which is assumed to be the "equity-like" portion of the balance sheet. The volatility estimation is performed according to the formulas provided by Keller et al. (2007) and Gray and Malone (pp. 127, 2008) . However, different from the forward exchange rate which goes into these models, we simply use historical spot exchange rates. In addition, we use 5 year US Swap rates as the risk free rate (Zhu, 2006) , and a 5 year time horizon for our analysis.
Additional details about the derivations such as the formulas for risk neutral default probability (RNDP) or implied credit spreads can be found in Appendix I. year default probabilities for "BBB", "BB", and "B" rated sovereigns are around 5.1%, 8.7%, and 16.8% respectively (Caouette et al., 2008) . The ratings of the countries (as of January 2008) in our analysis are in this range 2 , however the default probabilities reported by the structural models are far below the corresponding values.
We argue that the CCA model needs to be calibrated or volatility estimations be revised to align the model outputs with actual-market values. Exhibit 1 demonstrates that the volatility levels have to rise to 40-50% levels in order for the model to produce meaningful results. We also propose a simpler volatility measure which gives comparably similar results with Keller et al. (2007) volatility formula. Our suggestion is to examine local currency liabilities as a single asset and look at the volatility of the portfolio as a whole rather than dividing it into individual components. Exhibit 2 -Panel A compares our estimation results with the one suggested by Keller et al. (2007) and Gray and Malone (2008) 3 .
However, both volatility estimations still significantly underestimate the implied volatility levels. This might be due to comparably short period of examination or data limitations. We argue that we can use extensive stock, bond, or even FX market volatility data as a substitute for LCL volatility. We believe that the volatility of these markets are direct proxies for the risk level of a given economy, and they better reflect the market's evaluation of country risk. Exhibit 2 -Panel B shows the volatilities of national stock market indices, local currency bond markets, and currency markets. Stock market volatilities appear as the closest matches for implied volatility levels.
In addition, we compare CCA outputs with the reduced form model results. The reduced form models extract default probabilities from market values using intensity based -hazard rate parameters. They make use of the credit spreads and yield curve information, and are very common in finance and risk management literature (Longstaff, 2005) . According to Chan-Lau (2006):
, These results demonstrate that the probability of default increases with longer time horizons and higher recovery rates. More importantly, they support the hypothesis that there is a tendency for the structural models to underestimate the default probabilities.
We suggest two remedies for calibrating structural models. First one is adjusting the volatility by using market values, i.e. CDS spreads or stock market returns. Second one is simply providing a calibration constant in default probability calculation (Appendix I). Exhibit 4 summarizes the results of the latter remedy, and reports calibration constants for each country.
We also perform a historical simulation which relaxes the normality assumption and provides a distribution-free empirical analysis. This type of analysis can be used for risk management purposes and Value-at-Risk calculations (Jorion, 2009). Figures 6, 7, and 8 demonstrate the findings of this analysis. Historical simulation looks at historical changes in local currency liabilities (equity portion of the balance sheet), and assumes that the future values will behave similar to this probability distribution (Hull, 2009 ). Consequently we can say that
Value-at-Risk is 27% for Brazil at 83% confidence level. Limited data coverage and short history of sovereign balance sheet data prevents us from providing a more comprehensive analysis. However, the groundwork demonstrated in this exercise should function as a solid guideline for future studies as more data becomes available.
Conclusion
In this study, we address the weaknesses of structural models in measuring sovereign risk. As the borders between macroeconomics and modern finance (arbitrage-free pricing theory) are blurring, this type of models are gaining importance in risk management. Even though the application to sovereign case has many limitations, we are able to provide some insights and some possible remedies.
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The fundamental theorem of arbitrage-free asset pricing (FTAP) assumes liquid and complete markets where market frictions are minimized and replicating portfolios are easy to formulate (Cornuejols, 2007) . Even though this is true for the corporate US (Bohn et al., 2003) , there are some shortcomings when one attempts to apply risk models to less developed markets.
In our analysis, we show the results associated with structural models and emphasize the need for calibrating to the sovereign case. Structural models underestimate the true risk measures compared to reduced form model results or actual market values. Therefore an adjustment is required when one attempts to predict real-life outcomes. This adjustment can either be made in the volatility estimation stage, or the model can be calibrated during the last stage where the default probability is calculated.
Figure 1 Merton Modeling -Firm Level Structural Model
This figure illustrates the application of the contingent claims approach (CCA) to a single firm. If we know the value and the volatility of equity (i.e. market capitalization, and volatility of stock returns), and the level of debt, we can derive an implied value and volatility for assets. The implied value and the volatility derived in the previous step can be used to derive various risk measures such as probability of default, distance to distress, and implied credit default spread. See Bohn et al. (2003) for further details. 
Figure 2 Sovereign Level Structural Model and Formulas
This figure illustrates the application of the contingent claims approach (CCA) to the sovereign case with detailed formulas and derivations. If we know the value and the volatility of Local Currency Liabilities -LCL (requires time series data on local currency debt and monetary base), and the level of foreign currency debt, we can derive an implied value and volatility for sovereign assets (Gray et al., 2007) . The implied value and the volatility derived in the previous step can be used to derive various risk measures such as probability of default, distance to distress, and implied credit default spread for the specific sovereign. Appendix I lays out the details of implied asset value and volatility calculations, and formulas for various risk measures. 
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Figure 6
This figure illustrates step-by-step historical simulation computations for Brazil. First two columns summarize the historical data on Local Currency Liabilities (LCL). The simulation gets the latest observation in LCL and incorporates all possible historical changes to this value. For instance, the first value of 450.578 is calculated by multiplying 664.994 with (1 -0.322), the second value, 834.344, is equal to 664.994 times 1.255 and so on.
5 After creating the possible values for LCL in 2008, we recalculate the implied values and volatilies using the Black and Scholes formula and an iterative linear programming procedure 6 . 
Historical Simulation -Brazil

Exhibit 1 Sensitivity Analysis for Structural Model Results
This Exhibit summarizes the results with various volatility levels. 
Exhibit 2 Volatility Estimations
Panel A compares the volatility estimations suggested by Keller et al. (2007) and our proposed model. Details of the estimation by Keller et al. (2007) can be found in Appendix I. We propose to combine the monetary base and domestic debt (in USD), and look at the volatility of the changes in portfolio value over time. Our estimation is a one step calculation, whereas Keller et al. (2007) 
Exhibit 4 Calibrating Structural Models
Calibrating the structural model requires calculating a calibration constant for each country (Keller et al., 2007) . We follow the formulas provided by Keller et al., and 
